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Abstract
Here we show that by expressing a van derWaerden numberW (r, k)
by its radix polynomial representation, it not only is possible to locate
each proper subset on R in which the van der Waerden number lies,
but also to show that conditions exist for which the logarithm of the
van der Waerden number necessarily is bounded above by the square
of the number of terms k in the arithmetic progression. Furthermore
we also use the method to find a mathematical expression or formula
for the ratio of two “consecutive” van der Waerden numbers of the
kind W (r, k), W (r, k + 1).2,3,4
12012–2013.
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1 Some a priori information about van der
Waerden numbers
Any integer, and this includes any van der Waerden number W (r, k) consid-
ered as an integer [4], [5, 6], [8, 9] [7, 11], where r is the number of colors and k
is the number of terms in the arithmetic progression, has a radix polynomial
expression for it [1, 10], [2, 3]. For instance
W (r, k) = bnr
n + bn−1r
n−1 + · · ·+ b0 ∈ [rn, rn+1) (1)
is true always for some integer bn ∈ [1, r − 1], for some additional integers
bn−1, . . . , b0 ∈ [0, r − 1] and where
n = ⌊logr W (r, k)⌋. (2)
So given the integer r, each van der Waerden number W (r, k) is shown this
way to lie always in some interval on R of the form [rn, rn+1) where n is
given by Eq. (2). Put another way, each van der Waerden number W (r, k),
is bounded above and below on R as
rn ≤ W (r, k) < rn+1,
while each logr W (r, k) is bounded above and below onR as n ≤ logr W (r, k) <
n+1. On the other hand when k is chosen as the radix (See Section 2) these
bounds become, respectively, km ≤ W (r, k) < km+1 and m ≤ logkW (r, k) <
m+ 1, where m = ⌊logk W (r, k)⌋ and where
W (r, k) ∈ [rn, rn+1) ∩ [km, km+1) =⇒ [rn, rn+1) ∩ [km, km+1) 6= ∅.
We certainly hope the reader is aware and should be aware, that in Eq.
(1), the value of the radix polynomial representation for the integer W (r, k)
never exceeds the value
rn+1 − 1, (3)
which when expanded outright is
rn+1 − 1 = (r − 1)(rn + rn−1 + rn−2 + · · ·+ 1).
All this enables us to show that conditions exist so that both the integer n+1
and the real number logrW (r, k) are bounded above necessarily and always
by k2, as now we prove (See also the Tables at the end of this section).
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Theorem 1.1. Let both W (r, k) and W (r, k′), be any two van der Waerden
numbers that satisfy the following conditions:
1. W (r, k) > W (r, k′) and k > k′ always, where
W (r, k) = bnr
n + bn−1r
n−1 + · · ·+ b0 ∈ [rn, rn+1). (4)
2. logrW (r, k
′) < ⌊logrW (r, k)⌋ = n.
3. k′ ∈ [3,√n + 1) is true always for all k′.
Then W (r, k) < rn+1 ≤ rk2 is true for all k ≥ √n + 1.
Proof. By Condition 1 and Condition 3, k′ can assume any integer value from
three to any integer less than
√
n+ 1, where
l.u.b([3,
√
n+ 1) =
√
n+ 1 6∈ [3,√n+ 1).
Moreover k ∈ [3,√n + 1) is impossible since, by Condition 1, we are given
that k > k′ is true always while by Condition 3, k′ ∈ [3,√n + 1) is true
always and this interval on R only can contain a finite number of integer
values for k′ for each integer exponent n. For instance if k′ assumes the
largest integer value possible in this set then we have still that k > k′, which
means k 6∈ [3,√n+ 1).
Then since by Condition 1 k > k′ it must be that
k ∈ [3,∞)− [3,√n + 1) = [√n+ 1,∞), (5)
that is, the integer k lies always in [
√
n+ 1,∞), a set that is the relative
complement in [3,∞) of the set [3,√n+ 1) whenever k′ ∈ [3,√n+ 1). Then
since
g.l.b.([
√
n + 1,∞)) = √n+ 1, (6)
we get k ≥ √n+ 1, from which we obtain both by this fact and from Eq.(4)
in Condition 1,
W (r, k) < rn+1 ≤ rk2 ∀k ≥ √n + 1, (7)
since
√
n+ 1 ≤ k =⇒ n+ 1 ≤ k2.
Since n ≤ logrW (r, k) < n + 1, the Theorem also shows that
n ≤ logrW (r, k) < n+ 1 ≤ k2, (8)
or, logr W (r, k) < k
2, as was mentioned in the Abstract.
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r k n W (r, k) = N N = rlogr W (r,k) rn
2 3 3 W (2, 3) = 9 9 = 23.17010... 23
2 4 5 W (2, 4) = 35 35 = 25.12963... 25
2 5 7 W (2, 5) = 178 178 = 27.47623... 27
2 6 10 W (2, 6) = 1132 1132 = 210.14534... 210
3 3 3 W (3, 3) = 27 27 = 33.00002... 33
3 4 5 W (3, 4) = 293 293 = 35.17037... 35
4 3 3 W (4, 3) = 76 76 = 43.12417... 43
Table 1.
r k
√
n + 1 n log r log k rn W (r, k) rn+1 rk
2
2 3 2 3 0.6931 1.0986 23 9 24 29
2 4 2.449 . . . 5 0.6931 1.3862 25 35 26 216
2 5 2.828 . . . 7 0.6931 1.6094 27 178 28 225
2 6 3.316 . . . 10 0.6931 1.7917 210 1132 211 236
3 3 2 3 1.0986 1.0986 33 27 34 39
3 4 2.449 . . . 5 1.0986 1.3862 35 293 36 316
4 3 2 3 1.3862 1.0986 43 76 44 49
Table 2. Logarithms taken to the base e.
2 The rational number
W (r,k+1)
W (r,k)
, when k is large
In this section we find an expression for the rational number [3],
W (r, k + 1)
W (r, k)
, (9)
when k is large.
Corollary 2.1. Let
W (r, k) = cmkk
mk + cmk−1k
mk−1 + · · ·+ c0,mk , (10)
be the radix polynomial representation for W (r, k) with radix k, and let
W (r, k + 1) = cmk+1(k + 1)
mk+1 + cmk+1−1(k + 1)
mk+1−1 + · · ·+ c0,mk+1 (11)
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be the radix polynomial representation for W (r, k + 1) with radix k + 1 [3].
Furthermore let α ∈ N∪{0} be such that k = r±α, meaning k = r+α when
k > r, α > 0 and k = r − α whenever k ≤ r, r > α ≥ 0. Then for large k,
W (r, k + 1)
W (r, k)
= kmk+1−mk
cmk+1
cmk
(1 + o(1)) (12)
= rmk+1−mk
(
1± α
r
)mk+1−mk cmk+1
cmk
(1 + o(1)). (13)
Proof.
W (r, k + 1)
W (r, k)
(14)
=
cmk+1(k + 1)
mk+1 + cmk+1−1(k + 1)
mk+1−1 + · · ·+ c0,mk+1
cmkk
mk + cmk−1k
mk−1 + · · ·+ c0,mk
=
(k + 1)mk+1
kmk
·
cmk+1 +
cmk+1−1
k+1
+ · · ·+ c0,mk+1
(k+1)mk+1
cmk +
cmk−1
k
+ · · ·+ c0,mk
kmk
(15)
= kmk+1−mk
(
1 +
1
k
)mk+1
·
cmk+1 +
cmk+1−1
k+1
+ · · ·+ c0,mk+1
(k+1)mk+1
cmk +
cmk−1
k
+ · · ·+ c0,mk
kmk
(16)
= kmk+1−mk(1 + o(1))
cmk+1 + o(1)
cmk + o(1)
, (17)
when k is so large that 1
k
= o(1). With the use of k = r ± α and a little
rearranging in Eqn. (17) we get
W (r, k + 1)
W (r, k)
= kmk+1−mk
cmk+1
cmk
(1 + o(1)) (18)
= rmk+1−mk
(
1± α
r
)mk+1−mk cmk+1
cmk
(1 + o(1)), (19)
where in Eqn. (19) one chooses 1 + α
r
when k > r, α > 0 and 1 − α
r
when
k ≤ r, r > α ≥ 0.
One sees in Eqn. (19) that for large k, the rational number
W (r, k + 1)
W (r, k)
, (20)
6
has r as a factor. So how close are the two exponentsmk+1 andmk? Since [3],
W (2, 3) = 9 = 32 ∈ [32, 33), (21)
W (2, 4) = 35 = 2 · 42 + 3 ∈ [42, 43),
W (2, 5) = 178 = 53 + 2 · 52 + 3 ∈ [53, 54), (22)
W (2, 6) = 1132 = 5 · 63 + 1 · 62 + 2 · 61 + 4 ∈ [63, 64),
W (3, 3) = 27 = 33 ∈ [33, 34), (23)
W (3, 4) = 293 = 44 + 2 · 42 + 41 + 1 ∈ [44, 45), (24)
W (4, 3) = 76 = 2 · 33 + 2 · 32 + 31 + 1 ∈ [33, 34), (25)
we see that mk+1−mk ∈ {0, 1} is true in Eqn. (19) at the very least, for the
four rational numbers
35
9
,
178
35
, (26)
1132
178
,
293
27
, (27)
and thatmk+1−mk = 1 is true at the very least, for 17835 , sincem5 = 3, m4 = 2
when k = 4 and for 293
27
, since m4 = 4, m3 = 3 when k = 3.
From Eqn. (19) we obtain
W (r, k + 1)
W (r, k)
= rmk+1−mk
mk+1−mk∑
j=0
(±1)j
(
mk+1 −mk
j
)(α
r
)j cmk+1
cmk
(1 + o(1)),
(28)
for large k and ifmk+1−mk ≥ 1. However we have also from Eqns. (14)–(16)
that
W (r, k + 1)
W (r, k)
= kmk+1−mk
(
1 +
1
k
)mk+1
·
cmk+1 +
cmk+1−1
k+1
+ · · ·+ c0,mk+1
(k+1)mk+1
cmk +
cmk−1
k
+ · · ·+ c0,mk
kmk
= rmk+1−mk
(
1± α
r
)mk+1−mk (
1 +
1
r ± α
)mk+1
(29)
×
cmk+1 +
cmk+1−1
k+1
+ · · ·+ c0,mk+1
(k+1)mk+1
cmk
cmk−1
k
+ · · ·+ c0,mk
kmk
, (30)
for any k, r, such that k = r±α, as we already have described this to mean.
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